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Abstract






















γpw = 0, and p + q ≥ 0. Our result generalizes an
inequality of Piccinini and Spagnolo.













and a, b ∈ B with
B = {a ∈ L∞(R) : a is 2pi−periodic and inf a > 0}.
Here and in what follows, for every measurable function a we denote by inf a and
sup a the essential lower bound and the essential upper bound of a, respectively.
For every L > 1, we denote
B(L) = {a ∈ L∞(0, 2pi) : a is 2pi−periodic, inf a = 1 and sup a = L} .
Our aim in this note is to prove:
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Theorem 1. Suppose a = γp and b = γq for some γ ∈ B(M), M > 1, and for
some p, q ∈ R such that p+ q ≥ 0. Then














If p+ q > 0, then equality holds in (3) if and only if γ(θ) = γ¯p,q(θ+ϕ) for some
ϕ ∈ R, where
γ¯p,q(θ) =
{
1, if 0 ≤ θ < cp,q pi2 , pi ≤ θ < pi + cp,q pi2
M, if cp,q
pi







Furthermore, equality holds in (1)–(2) with a(θ) = γ¯pp,q(θ+ϕ) and b(θ) = γ¯
q
p,q(θ+


























2 ≤ θ < pi
− sin [√µ (pi + c−1p,q(θ − pi)− 5pi4 )] ,
if pi ≤ θ < pi + cp,q pi2
−M−(p+q)/4 cos [√µ ( 3pi2 + c−1p,qM (p−q)/2(θ − pi − cp,q pi2 )− 7pi4 )] ,
if pi + cp,q
pi







If p + q = 0, then (3) is an equality for any weight function γ. Equality is
attained in (1)–(2) with a = γp and b = γ−p if and only if










for some C 6= 0 and ϕ ∈ R.
Note that when p = q = 0, Theorem 1 yields C(1, 1) = 1 according to the
classical Wirtinger inequality. When p = q 6= 0, the estimate (3) reduces to the
estimate obtained by Piccinini and Spagnolo in [4]. More related results may
be found in [1, 2, 3] and in the references therein. We begin by recalling in the
following lemma the Wirtinger inequality of Piccinini and Spagnolo [4].
Lemma 1 ([4]). Suppose b = a ∈ B(L). Then,












1, if 0 ≤ θ < pi2 , pi ≤ θ < 3pi2
L, if pi2 ≤ θ < pi, 3pi2 ≤ θ < 2pi
and equality holds in (1)–(2) with a(θ) = b(θ) = a¯(θ + ϕ) if and only if w(θ) =






































In order to prove Theorem 1, we need the following lemma, which yields an
estimate for C(a, b) for arbitrary weight functions a, b.
Lemma 2. Let a, b ∈ B. The following estimate holds:











































if and only if the following equation is satisfied:
(9) a(θ(τ))b(θ(τ)) = a¯2(τ + ϕ) a.e. τ ∈ (0, 2pi), for some ϕ ∈ R,




















and a¯ is the function defined in Lemma 1.







and equality is attained in







C 6= 0 and ϕ ∈ R.
3
Proof. Under the change of variables θ = θ(τ) defined by (10)–(11), setting
α(τ) = a(θ(τ)), β(τ) = b(θ(τ)), ξ(τ) = w(θ(τ)), we obtain
αθ′ = c
√
















αθ′ξ dτ = c
∫ √






βθ′−1ξ′2 dτ = c−1
∫ √
αβξ′2 dτ.






















αβξ dτ = 0.
If
√













































α(τ)β(τ) = a¯(τ + ϕ), for some ϕ ∈ R. That is, (8) holds if and
only if (9) holds.
If b = a−1, then (12)–(13) takes the form∫ 2pi
0











with constraint ∫ 2pi
0
ξ dτ = 0.









and equality holds in (1)–(2) with b = a−1 if and only if ξ(τ) = C cos(τ +ϕ) for








Lemma 3. Suppose a, b satisfy
√
ab ∈ B(L), L > 1, and (9), where θ(τ) is
defined in (10) and c is defined by (11). Suppose
(15) a = γp, b = γq
for some γ ∈ B(M), with M = L2/(p+q), and for some p, q ∈ R such that
p+ q > 0. Then γ(θ) = γ¯p,q(θ + ϕ) for some ϕ ∈ R, where γ¯p,q is the function
defined in Theorem 1.
Proof. When p + q > 0, we have γ(p+q)/2 ∈ B(L). In view of (9) and (15) we
have
γ(θ(τ)) = a¯2/(p+q)(τ + ψ), ∀τ ∈ R










a¯−(p−q)/(p+q)(τ¯ + ψ) dτ¯(16)

























a¯−(p−q)/(p+q)(τ¯ ) dτ¯ ,
we have θ(τ − ψ) = hp,q(τ)− hp,q(ψ) for every τ ∈ R, and consequently τ(θ) =
h−1p,q(θ+hp,q(ψ))−ψ. In view of the definition of a¯ with L =M (p+q)/2, we have:∫ τ
0




τ, if 0 ≤ τ < pi2
pi
2 +M
−(p−q)/2(τ − pi2 ), if pi2 ≤ τ < pi
pi
2 (1 +M
−(p−q)/2) + τ − pi, if pi ≤ τ < 3pi2
pi
2 (2 +M
−(p−q)/2) +M−(p−q)/2(τ − 3pi2 ), if 3pi2 ≤ τ < 2pi
.















−(p−q)/2(τ − pi2 )
]










−(p−q)/2) +M−(p−q)/2(τ − 3pi2 )
]
, if 3pi2 ≤ τ < 2pi
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(p−q)/2(θ − cp,q pi2 ), if cp,q pi2 ≤ θ < pi





(p−q)/2(θ − pi − cp,q pi2 ), if pi + cp,q pi2 ≤ θ < 2pi
,
for θ ∈ [0, 2pi) and h−1p,q(θ + 2pin) = 2pin + h−1p,q(θ) for any τ ∈ [0, 2pi) and









= γ¯p,q(θ + ϕ), with ϕ = hp,q(ψ).
Now we can prove Theorem 1.
Proof of Theorem 1. Estimate (7) with a = γp and b = γq yields (3). Suppose













if and only if γ(θ) = γ¯p,q(θ+ϕ) for some ϕ ∈ R. Equality is attained in (1)–(2)
with a(θ) = γ¯pp,q(θ+ϕ) and b(θ) = γ¯
q
p,q(θ+ϕ) if and only if w(θ) = w¯p,q(θ+ϕ).
If p + q = 0, then the conclusion follows by Lemma 2 with a = γp and
b = γ−p.
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